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We prove that an arbitrary function, which is holomorphic on some neighbourhood of 
z = in and vanishes at z = 0, whose values are bounded hnear operators mapping 
one separable Hilbert space into another one, can be represented as the transfer function 
of some multiparametric discrete time-invariant conservative scattering linear system 
with a Krein space of its inner states. 



Introduction 

An arbitrary function, holomorphic on a neighbourhood of z = in C, whose values are 
bounded linear operators mapping one separable Hilbert space into another one, can be rep- 
resented as the transfer fuction of some discrete time-invariant linear system. This fact was 
established by D.Z. Arov in |Q (see also |^). Later on, T.Ya. Azizov proved (in a different 
terminology) that an arbitrary holomorphic operator-valued function on a neighbourhood 
of 2; = in C has a J-conservative scattering system realization (see ||^). For that, he con- 
structed a J-conservative scattering system dilation of an arbitrary discrete time-invariant 
linear system. Then, using realization mentioned earlier and taking its J-conservative scat- 
tering system dilation, due to the fact that a transfer function remains the same under 
dilation of a system, he obtained a desired J-conservative realization. 

Let us note that there exist other proofs of this J-conservative realization theorem 
(see, e.g., and references there), however in this paper we shall follow, in the main, the 
same scheme as in Azizov's proof, for the proof of the multivariable generalization of this 
theorem. 

First, we introduce the notion of multiparametric discrete time-invariant J-conser- 
vative scattering linear system (or conservative scattering linear system with a Krein space of 
inner states) which generalizes the notion of multiparametric conservative scattering linear 
system introduced in |^. Second, we prove that an arbitrary multiparametric linear system 
has a J-conservative scattering system dilation (the notion of dilation for multiparametric 
linear systems was introduced in |0). Next, we use our generalization of the realization 
theorem mentioned in the very beginning of this paper, to several variables [1^, and the 



fact that the transfer function of a multiparametric linear system remains the same under 
dilation 0, and prove the main result of this paper on the existence of a multiparametric 
J-conservative scattering system realization for an arbitrary operator-valued function which 
is holomorphic on some neighbourhood of 2; = in and vanishes at 2; = 0. 



The organization of this paper is as follows. In Section |l| we give some prelimi- 
naries, with exact formulations of the results mentioned above, on J-conservative scattering 
linear systems in the one-parametric discrete case, in the system-theoretical language con- 
venient for the sequel. In Section ^ we introduce multiparametric J-conservative scattering 
linear systems (in the discrete case), and formulate our main theorems. Section ^ contains 
the proofs of these theorems. 

1 Preliminaries on one-parametric J-conservative scat- 
tering linear systems 

In our notation, a one-parametric discrete time-invariant linear system a is given by 

r x(t) = Ax{t-l) + Bu{t-l), 
^■\y{t) = Cx{t-1) + Du{t-1) {^-^,^^---), U-^J 

where for each t vectors x{t),u{t),y{t) belong to separable Hilbert spaces X,U,y, respec- 
tively (throughout this paper we consider only such type of spaces when nothing is said 
especially); A : X ^ X, B : U ^ X, C : X ^ y, D -.U ^ y are bounded linear operators. 

Such a form of a system differs from the standard one by the unit shift in the 
argument of an output signal y(-), that leads, in fact, to the equivalent theory (for more 
details and motivation of such a notation of a system, see [§). Thus, for example, the 
transfer function of a system a of the form (LI) is given by 



eo,{z) = zD + zC{Ix - zAy^B (1.2) 

in some neighbourhood of z = in C, i.e. differs from the standard one by multiplier z only 
(here Ix denotes the identity operator on X). 

The first result mentioned in Section can be formulated now as follows: an 
arbitrary L(W, 3^)-valued function 6 holomorphic on some neighbourhhod F of z = in C 
and vanishing at 2; = can be realized as the transfer function of some system a of the form 
( |1 . 1|) , i.e., 6{z) = 9a{z) in some neighbourhood (possibly, smaller than F) of z = (here 
we denote by L{U,y) the Banach space of all bounded linear operators from a separable 
Hilbert space U into a separable Hilbert space 3^). 

Let the operator J G L{X) := L{X, X) be given such that J = J* = J'^ (such a 
J is said to be a canonical symmetry on X). Then J determines on X the new inner product 
[xi,X2]j := {Jxi,X2) (here (■, ■) stands for a Hilbert space inner product on X) which is, in 
general, indefinite, and the space X with this new inner product has the structure of a Krein 
space (for more information on Krein spaces see, e.g., [^]). 

Let a = {1; A, B,C, D; X ,U,y) be a one-parametric linear system of the form 
( |1.1|) , and J G L{X) be a canonical symmetry. Set Ji := J ®Iu ^ L{X ®U), J2 '■= J ®Iy G 
L{X © 3^). We shall call a a one-parametric J-conservative scattering system if the system 
operator 

G=(^ ^ \ eL{x®u,x®y) 



is ( Ji, J2)-unitary, i.e. 

G J2G = GJ\G = </2' 

In the particular case when J = I^, a J-conservative scattering system is a conservative 
scattering one. 

Let us note that one may consider a J-conservative scattering system a = (1; A, B- 
G, D] X,U, y) as a conservative scattering one, however with a Krein space of its inner states, 
i.e., the equations of energy balance for a have the same form as for conservative scattering 
system with a Hilbert space of inner states, but with J-metric [■, ■] j instead of Hilbert metric 
(•, •) for states of a system a: 

[x{t),x{t)]j - [x{t - l),x{t - = \\u{t - 1) f - \\y{t) f (t = 1, 2, . . .), 

and the analogous equation holds for states, inputs and outputs of the conjugate system 

a* := {l;A*,G*,B*,D*;X,y,U)■ 
Rec8l\ g] (see also 0, 0]) that a system^S = {1; A, B,G , D; X ,l{,y) is called a 
dilation of a system a = (1; A, B, G, D; X,U, y) if X D X, and there exist subspaces V and 
"D* in X such that 

X = V®X®V,, AVcV, CV = {0}, A*V,cV,, B*V, = {0}, 
A = PxA\X, B = PxB, G = C\X 

(here Px stands for the orthogonal projector onto X m X). For that, the transfer functions 
of a and a coincide in some neighbourhood of 2; = in C. 

Now Azizov's result mentioned in Section can be formulated in the following way. 
An arbitrary system a = (1; A, B, G, D; X ,IA, y) has a dilation a = (1; A, B, G, D; X,U, y) 
which is a one-parametric J-conservative scattering system for certain canonical symmetry 
J e L{X). As a corollary (see Section 0), an arbitrary L(U, y)-valued function 9 holomorphic 
on some neighbourhood F of 2; = in C and vanishing at 2; = can be realized as the 
transfer function of some system a = (1; A, B, G, D; X,U, y) of the form which is a 

one-parametric J-conservative scattering system for certain canonical symmetry J G L{X), 
i.e., 6{z) = Oa{z) in some neighbourhood (possibly, smaller than F) of 2; = 0. 



2 Multiparametric J-conservative scattering linear sys- 
tems 

Let us recall some definitions from concerning multiparametric discrete time-invariant 
linear systems. Such a system a is given by 

{TV 
^(t) = E {Akx{t - gfc) + Bku{t - Cfc)), 
"1^ (tGZ^, |t| >0), (2.1) 

yit) = E {Ckx{t - Cfc) + Dku{t - Cfc)) 
k=l 

where for t = (ti, . . . , t^) E we set \t\ := '^^=1 ^k, for all k G {1, . . . , A^} we set Ck ■ = 
(0, . . . , 0, 1, 0, . . . , 0) G with 1 on the k-th place, and zeros on other places; for each 



t vectors x(t),u{t),y{t) belong to (separable Hilbert) spaces X,U,y, respectively; for all 
k e {1,...,N} Ak : X ^ X, Bk-.U ^ X, Ck-. X ^y, Dk : U ^ y are bounded linear 
operators. We shall use the short notation a = {N; A, B, C, D; X,U, y) where A, B, C, D 
mean A^-tuples of operators Ak, Bk,Ck, Dk, respectively. The transfer function of a system 
a of the form ( |2.1| ) is given by 

e^iz) = zB + zC{Ix - zAy^zB (2.2) 

in some neighbourhood of 2 = in C^, where for z = {zi, . . . , z^) G and an A^-tuple of 
operators T = (Ti, . . . ,T/v) we use the notation zT := ^kTk- It is clear that system 



( |2.1D is the generalization of system ( |1 . 1| ) , and formula ( p^.2D is the generalization of formula 



( |1.2|) for transfer function, to the case of several variables. 

Recall that a system a = {N; A,'B,C, D; X ,U,y) is called a dilation of a 
multiparametric linear system a = (A^; A, B, C, D; A", W, 3^) if for each z G a system 
ciz '■= {1; zA, zB, zC, zT); X ,U ,y) is a dilation of a one-parametric linear system := 
(1; zA, zB, zC, zD; X,U, y), i.e., X D X, and there exist subspaces and V^ ^ in X such 
that 

X = V,®X®V,^,, zAV,cV„ zCV, = {0}, (zA)*P,,, C (zB)*P,,, = {0} 

zA = Pp^{zA)\X, zB = Px{zB), zC = {zC)\X. 

For that, the transfer functions of a and 5 coincide in some neighbourhood of z = in C^. 
Let := {C G •|Cfc| = l) k = 1, . . . , N} be the A^-dimensional unit torus. 

Definition 2.1 Let a = {N; A,B,C,T)] X,U,y) and a canonical symmetry J G L{X) be 
given. We shall call a a multiparametric J -conservative scattering linear system if for each 
C G := {I'XA, (B, (C, (^'1 X,U,y) is a one-parametric J-conservative scattering 

linear system, i.e. for Ji = J ® lu e L{X ®U), J2 = J ® ly e L{X © 3^) one has 

(CG)V2(CG) = Ji, (CG)Ji(CG)* = J2, (2.3) 

where G = (Gi, . . . ,Gn) is the A^-tuple of system operators 

^"^{cl ^l) '■ "^^^ ^ "^^^ {k = l,...,N). (2.4) 

In the particular case when J = I^, this notion coincides with the notion of 
multiparametric conservative scattering linear system introduced in Let us remark here 
that another type of multiparametric conservative scattering linear systems for the discrete 
case was considered by J. A. Ball and T.T. Trent in 0. 

By equating corresponding coefficients of trigonometric polynomials in the left and 
right parts of ( p.3|) , one can easily see that a = (iV; A, B, C, D; X,U, y) is a multiparametric 
J-conservative scattering linear system if and only if the following equalities hold: 

N 

J2GlJ2Gk = Ji, (2.5) 
k=i 



GlhGi = {k^l), (2.6) 

N 

Y^GkJiGl = J2, (2.7) 

k=l 

GuJiG] = {k^l). (2.8) 

This definition can be also formulated in terms of energy balance equations, i.e. 
the conservation of energy for a system a = {N; A, B, C, D; X,U, y), and for its conjugate 
system a* := (A^; A*, C*, B*, D*; ;f , y,U), where for A^-tuples T = (Ti, . . . , T^v) of operators 
Tk e L(Hi, H2) we set T* := (T*, . . . , T;^) with T* G L(7^2, ^i), A; = 1, . . . , A^, and for the 
"energy" of states of a and a* use J-metric [tJj instead of Hilbert metric (■,•). More 
precisely, the following proposition is valid. 

Proposition 2.2 a = [N; A, B, C, D; X,U, y) is a multiparametric J -conservative scatter- 
ing linear system with some canonical symmetry J G L{X) if and only if 

(i) for any input multisequence {u{t) : \t\ > 0} of a satisfying the condition 

VnGN ^||n(t)f<oo, 

\t\=n 

and its initial states collection {x{t) : |t| = 0} satisfying the condition 

5^||x(t)f <oo, 

1*1=0 

one has for any n G N : J2\t\=n < J2\t\=n < hence for any 

n G N U {0} the series J2\t\=n[^(^)^ ^'s absolutely convergent, and 

jt|=n |i|=n-l |i|=n-l \t\=n 



(ii) tiie statement analogous to (i) holds for the conjugate system a*. 

Proof. Necessity. Let the collections {u{t) : \t\ > 0} and {x{t) : \t\ = 0} of inputs and 
states of a satisfy the assumptions of (i). Apply induction on n. Suppose that for n = m — 1, 
where m G N, we have 



\t\=n 



\X 



\t\=m 



\t\=m 



\t\=m 



< 00. Then, by virtue of ( |2.1| ) 
x{t) ' ' 

yit) 



E 

\t\=m 



N 



Eg- 

k=l 



x{t - Ck) 
U{t - Ck) 



N 



N 



< ■ max \\Gif 
«e{i,...,Af} 



EE 

\t\=m k=l 



< max IIGzlP 

ie{i,...,N} 



X{t - Ck) 

u(t - ek) 



EE 

\t\=m \k=l 



X{t - Ck) 
u{t - Ck) 



■ max IIU-/I 



N-"- max II L., 



E 

\t\=m-l 



\t\=m.-l 



uit) 



\t\=m-l 



< OO. 



This implies ^|,, „ 



X 



< OO, X]|t|=ri < oc for n = m. Therefore, the latter holds 



for an arbitrary n G N. Since for any x E X we have < (see, e.g., 0), for any 

n e MU {0} the series J2\t\=n[^i^) ^ converges absolutely. Now, by virtue of and 

from ( p.5| ), ( |2.6| ) we get for any n G N 



x{t) 

yit) 



\t\=n 



x{t) 

yit) 



x{t) 

yit) 



J J2 



l*l=" 



yit) 



N 



fe=i 

N 



N 



uit-e^) )^2^^^[uit-e,) 



\t\=n k=l j=l 
N 



x{t - Ck) 



\t\=n 

u{t-eu) )\u{t-e,) 



X{t - Cj) 



E E (gij^g^ { 

\t\=n k=l \ ^ 

(y^gij^gJ 

|t|=n-l \fc=l ^ 



X{t - Cfc) 
U{t - Cfc) 



X{t - Cfc) 
U{t - Cfc) 



x{t) \ f x{t) 
nit) J ' V nit) 



E {J^ 

|t|=n-l 



x{t) 
nit) 



x{t) 
nit) 



E 

\t\=n~l 



x{t) 
nit) 



x{t) 
uit) 



= E w).x{t)]j+ J2 \Ht)\\'' 

Jl \t\=n-l \t\=n~l 



that is equivalent to ( p.9| ), and we have proved the necessity of condition (i). The necessity 
of condition (ii) is established analogously, by rewriting (|2.1|) for a* and using ( |2.7|) and 



Sufficiency. Let us set for arbitrary xq E X , uq eU 

xo for t = 0, 

anywhere else for |t| = 0, 
Mo for t = 0, 

anywhere else for \t\ > 0. 



x{t) :-- 
uit) :-- 



Clearly, the collections {uit) : \t\ > 0} and : \t\ = 0} of inputs and states of a satisfy 

the assumptions of (i). Then we can write down for them ( |2.9| ), with n = 1, as follows: 



N 



N 



^[x(efe),x(efe)]j - [xo,xo]^ 



Ell2^(^'^)ll'' 



k=l 



k=l 



or equivalently, 



N 

-I Ji k=i ^ 
By using system equations (|2.1|) , we obtain 



Uq 



Xo 
Uq 



x{ek) 
y{ek) 



J2 



Ji 



N 



Uq 



Xo 
Uq 



Xq 
Uq 



N r 



k=l 



x(efc) \ / x(efc) 



= E 

■^1 fc=i 



jlUGk( 

k=i \ ^ 



x(efc) 
y{ek) 



x(efc) 
?/(efe) 



J2 



Xo 
Uq 



, Gk 



Xq 
Uq 



N 



,k=l 



Xq 
Uq 



Xq 
Uq 



Since Xo G A", uq E U are arbitrary, and the operators Ji and J2k=iGk'^2Gk are bounded 
and selfadjoint, the latter imphes (|2.5|) . Analogously, (ii) implies ( p.7|) . 

Now, for arbitrary Xi, X2 G X, Ui,U2 G W, and k, j E {1, . . . , N} {k 7^ j) set 



x{t) 



u{t) 



Xi for t = Ck — Cj, 

X2 for t = 0, 

anywhere else for |t| = 0, 

ui for t = ek — Cj, 

U2 for f = 0, 

anywhere else for \t\ > 0. 



Clearly, the collections {u{t) : |t| > 0} and {x(t) : \t\ = 0} of inputs and states of a satisfy 
the assumptions of (i). Then we can write down for them ( |2.9| ), with n = 1, as follows: 

N 

X;[a^(efc - ej + ei),x{ek - ej + ei)]j + - [xi,xi]j - [x2,X2]j 

1=1 I: l=ik 

N 

'^ + ll«2f -EII?/(e.-e, + eOf - E WvieiW, 

I: l^k 



1=1 



or equivalently. 



N 

E 

1=1 



x{ek - Cj + ei) \ f x{ek - Cj + e?) 



y{ek - ej + ei) J ' \ y{ek - ej + ei) 



Xi 
Ui 



Xi 
Ml 



+ 



Ji 



+ E 

J2 ¥k 
X2 
U2 



y{ei) 



J2 



X2 
U2 



Jl 



By using system equations we obtain 



Xi 
Ml 



5 



Xi 



that is equivalent to 



X2 \ X2 
U2 ) U2 



X2 \ I X2 
U2 ) \ U2 



By (|2.5| ) established formerly, we obtain: 



2Re( GU2GJ ^M,r'M^=0 



\ ■' ' '~ \ U2 J ' \ Ui 

One can substitute —1x2 instead of X2, and —iu2 instead of U2, and obtain 

X2 \ I Xi 



Since Xi,X2,X2 G X, ui,U2,U2 € U can be taken arbitrary, (p.6|) follows. Analogously, (ii) 
implies (p.8|). 

The proof is complete. □ 

Now let us formulate two main theorems of this paper. 



Theorem 2.3 An arbitrary system a = {N; A,'B,C,T); X ,U,y) of the form lias a 
dilation a = {N; A, B, C, D; X,U, y), which is a multiparametric J -conservative scattering 
system for certain canonical symmetry J G L{X). 

Theorem 2.4 An arbitrary L(U, y)-valued function 9 holomorphic on some neighbourhood 
r of z = in and vanishing at z = can be realized as the transfer function of 
some system a = {N; A, B, C, D; X,U, y) of the form which is a multiparametric J- 

conservative scattering system for certain canonical symmetry J G L{X), i.e., 9{z) = 9a{z) 
in some neighbourhood (possibly, smaller than T) of z = 0. 



3 Proofs of the main results 

In this section we will use the results from [|l], H, ||] on the Agler-Schur class S]^{U,y). This 
class consists of all L(W, 3^) -valued functions 

9{z) = J2 



(here := {t e : tk > 0, k = 1, . . . , N}, for z E and t E Z^ as usually 
2* := Y[k=i Taylor coefficients of 9), which are holomorphic on the open unit 

polydisk := {z E : \zk\ < 1, k = 1, . . . ,N} and satisfy the following condition: for 
any separable Hilbert space H, any A^-tuple T = (Ti, . . . , T^r) of commuting contractions on 
7i, and any positive real r < 1 one has 

||%T)||<1, 

where 

9{rT) = 9{rT,,...,rTN) := ^ r^'^T' ® 9t E L{rL®U,n®y), (3.1) 
T* := ^fc*' ^^"^ series in ( p.l| ) converges in operator norm. 

Lemma 3.1 For aii arbitrary multiparametric linear system a = {N; A, B, C, D; X ,U, y) 
there exist separable Hilbert spaces Aik, with canonical symmetries J'-'^^ E L{Aik), SLnd 
holomorphic L{X (B U , Aik) -valued functions on (A; = 1,...,A^) such that VA E 

ro^, E 

N 

Ixm - (AG)*(^G) = J](l - \kZk)Fk{\rJ^''^Fk{z). (3.2) 

k=l 

Proof. Set Lq,{z) := zG, e := sup^ || 'Y^^=i'^k ® CfeU where this supremum is taken over 
all A^-tuples of commuting contractions T = (Ti, . . . ,Tjv) on a common separable Hilbert 
space Ti. If e < 1 then Lq E Sn{X (BlA,X ® y), and by Theorem 2.6 of []I| the assertion of 
Lemma |3]l| follows with J^^'^ = Im^ ik = l,...,N). 

Suppose that e > 1. Then e-^Lo E SNi^ ®U,X ® y). By Theorem 2.6 of [g, 
there exist separable Hilbert spaces M.'l and holomorphic L{X © W, A1^)-valued functions 
on (A; = 1, . . . , N) such that VA E D^, E 

AT 

W - (^'' ■ AG)*(£-i ■ zG) = J](l - AfcZfc)//+(A)*//+(^). 

k=l 

Setting F+(z) := £i/^(2) for z e P^, A; = 1, . . . , A^, we obtain VA E D^, Vz G 

AT 

e^I^^u - (AG)*(zG) = 5^(1 - A,z,)F+(A)*F+(z). (3.3) 

fc=i 

Since e~^Ix®u ^ /S'Ar(A'©W, .YqW), again by Theorem 2.6 of there exist separable Hilbert 
spaces and holomorphic L(A:'©W, A1^)-valued functions on (A; = 1, . . . , A^) such 
that VA G Vz G 

N 

(1 - £-2) W = - Afc^.)i^,-(A)*i/,-(^). 
fc=i 



Setting F-{z) := eH^{z) for 2 G k=l,...,N, we obtain VA G D^, G D^: 

AT 



{e' - l)Ix^u = 5^(1 - XkZk)F,-{XyF,-{z). (3.4) 



fc=i 



Set A^fc := 7W^©7V1^, and according to this orthogonal decomposition define 
Ffc : ^ L{X®UMk) by 



and J^'') := Ij^+ © (-^yvf-) ^ ^(-^fe © A^fc) = I^(A^fc) for A; = 1, . . . , A^. By subtracting 
]4D from ( p.3|) for each A G and z G D^, we obtain ( p.2| ), that completes the proof. □ 



As a by-product of Lemma |3]2, we obtain the following result. 

Proposition 3.2 For an arbitrary L{h(,y) -valued function 9 holomorphic on some neigh- 
bourhood r of z = in and vanishing at z = there exist separable Hilbert spaces M.k, 
with canonical symmetries J*^'^^ G L{Aik), and holomorphic L{U , Aik)-va.lued functions Hk 
on a neighbourhood Tq C T of z = in {k = 1, . . . , N) such that VA G Fq, V2; G Tq 

N 

lu - e{xye{z) = 5^(1 - XkZk)Hk{xrf''^Hk{z). (3.5) 

k=l 

Proof. By Theorem 1 of JlOl, d can be realized as the transfer function of some multipara- 
metric linear system a = {N; A, B, C, D; X,U, y), i.e., 9{z) = 9a{z) in some neighbourhood 
C r of 2; = in C^. If u{z) = Yltez'^ z^u{t) is a W- valued function holomorphic on some 
neighbourhood of 2 = (here u{-) is some input multisequence of a, which has the support 
in then (see [§) one can write down the so-called Z-transform of a: 

. { x{z) = zAx{z) + zBui^z), , , 

■ \ y{z) = zCx{z) + zTiu{z), ^^'^^ 

with holomorphic functions 

x{z) = (Ix ~ zA)-hBu{z), (3.7) 

y{z) = e^iz)u{z) (3.8) 

on some neighbourhood 17o of 2 = in C^. We can consider without a loss of generality 
that Qo C fl. 



Set Fq := n D , and let Ui,U2 E U he arbitrary. Then by using Lemma 3.1 



and equalities (|3.(j|), (|3.7|), ( ^.8[ ) twice, for u{-) = ui and for u(-) = ^2, we have for all 
A G To, z e Tq: 

{{lu - 9{X)*9{z)) ui,U2)u = {ui, U2)u - {0{z)ui,9{X)u2)y 

Xi{z) \ f X2{X) \ \ I ( X\{z) \ ( X2(A) 



x®u \ \ ^^^^ / \ i-^vv / / x®y 




Ml, U2 



U 



Setting 



we obtain fB.5|). □ 



Hu{z) := Fu{z) 



{I 



X 



lu 



{z G r, 



Proof of Theorem [2T3| . Let, as in the proof of Lemma Lq,{z) := zG, e := sup^ || Ylk=i 

Gk\\ where this supremum is taken over all A^-tuples of commuting contractions T = (Ti, . . . , T/v 

on a common separable Hilbert space TC, and G = (Gi, . . . ,Gn) be the A^-tuple of operators 

( p.4| ) corresponding to a given multiparametric linear system a = {N; A, B, C, D; X,h{, y). 

If £ < 1 then Lg G Sn{'^®1^, X(By), and by Theorem 4.2 of system a has a conservative 

dilation a = {N; A, B, C, D; X,U, y), i.e. a J-conservative one with J = J^. 

Suppose now that e > 1. Applying Lemma |3.1| to a, we have the existence 

of separable Hilbert spaces A4k with canonical symmetries J'-'^^ G L(Aik), and holomorphic 

L{X®U, A^fc)-valued functions on (fc = 1, . . . , A^) such that holds. Let us define 

these spaces ^Ak, operators J^''\ and functions Fk {k = 1, . . . , N) exactly as in the proof of 

jik) .__ 



Lemma 3.1, i.e., A4 



•■Ml 



'-I 



Ml 



Fkiz) 



G L{Ml®Ml 
eL{X®UMt®M^) (^G©^), 



so that (P) and (jSj) hold. Set := 0f=i^fc, M := ©JLiA^fe 



M 



\ 



( F,{z) \ 
V F^{z) j 



G L{X®U,M) 



[z G 



P^± G Pfe := Pm, G (A; = 1,...,A^). Then \/z G zP= 



It follows from (O) that VA G ©^,V2 G E 



N 



F+(0)*F+(0) = F+(0)*F+(2) = F+(A)*F+(0) = e'lx. 



(3.9) 



In particular, -^'''(0) is a bounded and boundedly invertible operator, and F^{0){X (BU) is a 
closed lineal, i.e. a subspace in Analogously, it follows from (^.4[) that VA G Bi^,\/z e 



F~(0)*F-(0) = F-(0)*F-(^) = F-{\yF-{0) = (e^ - 1)/. 



X(BU. (3.10) 

In particular, F^{0) is a bounded and boundedly invertible operator, and F~{0){X (BU) is a 
closed lineal, i.e. a subspace in It follows from (O) and (|3lO|) that VA G D^, G 



(F±(A) - F±(0))*(F±(2) - F±(0)) = F±(A)*F±(2) - F±(0)*F±(0). (3.11) 
Taking into account (p^), rewrite ( |3.3| ) as 

F+(0)*F+(0)-(AG)*(2G) = F+{X)*F+{z)-{XP+F+{X)y{zP+F+{z)) (A G 2 G ©^), 
and by virtue of (PTTTI), we get VA G D^,V2 G D^: 



(AP+F+(A))*(^P+F+(2)) 



F+(A) -F+(0) 
AG 



F+(z) -F+(0) 
zG 



(3.12) 



Taking into account ( |3.10| ), rewrite ( p.4[ ) as 

F-(0)*F^(0) = F-(A)*F-(z) - (AP-F~(A))*(zP-F-(z)) (A G D^, 2 G P^)^ 
and by virtue of ( pi| ), we get VA G D^,V2 G D^: 

(AP-F-(A))*(.p-F-(^)) = (F-(A) - F-(0))*(F-(.) - ^"(0)). 



(3.13) 



F(A) - F(0) 
AG 



Now, adding §A^) to (|3J^ ), we get VA G D^,V2 G 

(APF(A))*(^PF(z)) 
and subtracting ( PTT^D from (P?!^ ), we get VA G D^,V2 G 
(APF(A))Va,(zPF(^)) = 



F(z) - F(0) 
zG 



(3.14) 



F(A) - F(0) 
AG 



Jm 

-^A-ffiJ^ 



F{z) - F(0) 
zG 



(3.15) 



It follows from ( 3.14|) that there exists unique unitary operator 



U: y zPF{z){X®U) ^ V ( 



F{z) - F(0) 
zG 



{X®U) 



such that V2; G 



F(z) - F(0) 
zG 



U{zP)F{z) = 
It follows from (U) and (glOD that 

F(0) V^F(O) = I^^u 



(3.16) 



(3.17) 



(3.18) 



i.e. F(0) G L{X (BU,M) is a {Ix^u, JA/()-semiunitary operator. Moreover, F{0){X ®U) = 
F+(0)(A' ®U)® F-(0)(A' © is a closed lineal, i.e. a subspace in M = ® . In 
addition, from (|3.9| ) and ( p.lO| ) one can see that G D^: 

F(0)*(F(^)-F(0)) = 0, 

hence 

(F(z) - F(0))(A' © W) C 7W e F(0)(A' © W). 

Now let us show that the subspace /Co := M. Q F{^){X ®IA) in is a Krein space 
with respect to the metric [■, induced by the canonical symmetry Jq := P^Co-^A^I^o- By 
Theorem 1.7.16 of 0, in order that Jq is a canonical symmetry on /Cq, it is necessary and 
sufficient that any h E A4 has a J^-orthogonal projection onto /Cq, i-e. a vector ho G /Cq 
such that Jm(/i — /io)-L/Co- For an arbitrary h E Ai set ho '■= h — JMF{0)F{0)*h. Since, 
due to (PTT^ ), 

F{oyho = F{oyh - F{oyjMF{o)F{oyh = o, 

we get ho E A4 Q F{0){X ®U) = /Cq- For an arbitrary g E ICo we have: 

= (Jl4^(0)i^(0)*/i,(7) = (F(0)F(0)*/i,(7) = 0. 

Thus, ho is a desired J^-orthogonal projection of h onto /Cq, and we have proved that Jq is 
a canonical symmetry on /Cq (i-e., /Cq is a Krein space with respect to the metric [■, 
Further, 

Y zPF{z){X®U) C A^, 
V ( ^^^Ig^^°^ ) (A" © W) C /Co © A" © 3^. 

Define on the space /C/ := /Co © A" © 3^ the canonical symmetry Jj := Jo © Ix®y G L(/C/). 
Due to ( p.l5| ), the operator [/, defined by (|3.16|) , (|3.17|) , can be considered as a bounded 



and boundedly invertible on its domain (Jm, J/)-isometric operator from A4 to /C/, whose 
domain and range are given by 

S)([/)= V zPF{z)iX®U), y\{U)= V [ ^^^^^"g^^^M (A'©W). 

By Theorem V.2.18 of there exist a separable Hilbert space JCu, a canonical symmetry 
Jn G LiJCii), and a (Ji, J2)-unitary operator U : /C// © — >■ /C// © /C/, with 

'h ■■= Jii ® Jm^ L{fCn © M); J2 := Jii © J/ G L(/C/7 © /C/) 

such that IJ is an extension of U, i.e. = U. 

Since for any 2; G we have 



(F(z) - F{0)){X ®U)cM® F{0){X © W) = /C, 



we get for any z G 



F{z) = ) eL{X® U, M) = L{X © W, /Co © F{0){X © U)). 

Set for all A; G {1, ... , A^} Pk := SikliCu ® Pk ^ L{f(^ii © M), where ^i^. denotes 
the Kronecker symbol, 

Gk := UPkilKrjeKo®F{0))eL{ICn®ICo®X®U,}Cn®ICj) 
= L{lCn®K,Q® X ®U,1Cii®1Cq® X ®y). 

Clearly, Ix:jj(sKo®F{^) ^ L{lCn®lCo® X ®IA, lCn®M.) is a ( Ji, Ji)-unitary operator, where 

Ji '■= Jii ® Jo® Ix®u 

for any C G (P E L{ICn®M) is a Ji-unitary operator, and U G L{}Cn ® M,)Cn ® ICi) 
is a (Ji, J2)-unitary operator, where 

G L(/C// © Ki) = L{}Cn ®}Co®X®y). 

Therefore, for any ( G the operator (G is (Ji, J2)-unitary. 

Consider the following partitioning of Gk {k = 1, . . . , N): 

Gfc = ( ) • ® ®iX®U)^ (ICii © /Co) © (A" © 3^). 

Then a := (A^; A, B, C, D; /C//©/Co, X®U, X®y) is a multiparametric ( J/j© Jo)-conservative 
scattering system. 

Since, by virtue of ( PT7|) , G 

/ - F(0) \ ^ ^^^p, ^ /^„eCo ^^ 1^ - F(0) 



= U{zP)F{z) = U{zP)F{z) = ( ^^^^ ~ 
we have for all z G D^: 

zA{F{z) - F{0)) + zB = F{z)-F{0), 
zC{F{z) - F{0)) + zt) = zG. 

Therefore, in some neighbourhood Q C of 2 = the resolvent {I/Cn^iCo ~ zA)~^ is 
well-defined and holomorphic, and we have in this neighbourhood: 

F(z)-F(0) = (J^„e^„ - 2;A)-i2B, 

zG = zI) + zCiI,Cu®iCo- z^y'zB = 9^{z). (3.19) 

Thus, a is a ( J//© Jo)-conservative scattering system realization of the linear operator- valued 
function Lq- /,From ( p. 191 ) we obtain: 

Wz eQo zl) = zG 
\/z G fio, Vn G N U {0} ;zC(^A)";zB = 0. 



As it was shown in the proof of Theorem 4.2 of (see also Subsection V.3.1 of |^), 
the latter means that the system a := (A^; A, B, C, D; A" = /C// © /Cq © X,U,y) which 
is determined by the system operators Gk coinciding with the system operators Gk of 
a {k = 1,...,N), however with another block partitioning of these operators, is a dila- 
tion of a = (A; A, B, C, D; X,U, y). Defining a canonical symmetry of X: 

J := Jn ®Jo®Ixe L{lCii ®1Cq®X) = L{X), 

we obtain that 5 is a desired J-conservative scattering system dilation of a given system a. 
The proof is complete. □ 



Proof of Theorem |2.4j . Let 6* be a given L{U, >')-valued function holomorphic on a 
neighbourhood F of z = in and vanishing at 2 = 0. Then, by Theorem 1 of |]T0|, 



there exists a realization a = (A; A, B, C, D; A", W, 3^) of this function, i.e., 9{z) = 9aiz) in 
some neighbourhood Fq C F of 2; = 0. By Theorem |2.3| of tjiis paper, there exists a multi- 
parametric J-conservative scattering system a := (A^; A, B, C, D; X,U, y), with a canonical 
symmetry J G L{X), which is a dilation of a. By Proposition 3.8 of the transfer func- 
tions of a multiparametric linear system of the form ( |2.1[ ) and of its dilation coincide in some 
neighbourhood of z = in C^. Hence, 9a{z) = 9a{z) = 9{z) in some neighbourhood Qq C Fq 
of z = 0. Thus, the system d := 5 is a desired J-conservative scattering system realization 
of 9. 

The proof is complete. □ 
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